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gauge group for gravity in d dimensions is the diffeomorphism group of the space- 
time, the gauge group for a certain W-gravity theory (which is Woo-gravity in the 
case d = 2) is the group of symplectic diffeomorphisms of the cotangent bundle 
of the space-time. Gauge transformations for W-gravity gauge fields are given by 
requiring the invariance of a generalised line element. Densities exist and can be 
constructed from the line element (generalising ^det g^p) only ii d = 1 oi d = 2, 
so that only for d = 1,2 can actions be constructed. These two cases and the 
corresponding W-gravity actions are considered in detail. In c? = 2, the gauge 
group is effectively only a subgroup of the symplectic diffeomorphism group. Some 
of the constraints that arise for d = 2 are similar to equations arising in the study 
of self-dual four-dimensional geometries and can be analysed using twistor meth- 
ods, allowing contact to be made with other formulations of W-gravity. While the 
twistor transform for self-dual spaces with one Killing vector reduces to a Legen- 
dre transform, that for two Killing vectors gives a generalisation of the Legendre 
transform. 



1. Introduction 



W-gravity is a higher-spin gcnerahsation of gravity which plays an important 
role in two-dimensional physics and has led to new generalisations of string theory 
[1-12] (for a review, see [13]). The gauge fields are the two-dimensional metric hfj,i, 
together with a (possibly infinite) number of higher-spin gauge fields h^i, p. W- 
gravity can be thought of as the gauge theory of local W-algebra symmetries in the 
same sense that two-dimensional gravity can be thought of as the result of gauging 
the Virasoro algebra, and different W-algebras lead to different W-gravities. A 
W-algebra is an extended conformal algebra containing the Virasoro algebra and 
is generated by a spin-two current and a number of other currents, including some 
of spin greater than two [22-26] (for a review, see [27]). 

A matter system with W-algebra symmetry can be coupled to W-gravity in such 
a way that the conformal symmetry is promoted to a diffeomorphism symmetry and 
the whole W-algebra symmetry is promoted to a local gauge symmetry. For chiral 
W-algebras, the resulting couphng is always hnear in the gauge fields [4,5], but if 
both left and right handed W-algebras are gauged, the theory is non-polynomial in 
the gauge fields of spin-two and higher [1] . For the coupling to pure gravity, the key 
to understanding the non-linear structure is Riemannian geometry. The spin-two 
gauge field is interpreted as a Riemannian metric and the non-linear action is then 



easily constructed using tensor calculus and the fundamental density, \/—h, where 

h — det(/i^,y). This suggests that the non-polynomial structure of W-gravity might 
be best understood in terms of some higher-spin generalisation of Riemannian 
geometry and the aim of this paper is to present just such an interpretation. The 
main results, which include the construction of the full non-linear action in closed 
form (without using auxiliary fields), were first summarised in [14], but here a more 
detailed account will be given and the geometry of the results will be discussed. 
Other approaches to the geometry of W-algebras and W-gravity are given in [15- 



In Riemannian geometry, the line element for a manifold M is given in terms 
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of the metric hnu{x) by 

ds ^ {hf^udx^'dx")^/^ 



(1.1) 



An equally good line element can be defined using an n'th rank tensor field 
hfxifj.2... fin- 
ds = {hi,,f,2...^,Jx^''dx^'^ . . . dx^-y/"" (1.2) 

and this can be used to construct a geometry with almost all the features of the 
usual Riemannian geometry, although Pythagoras' theorem is replaced by a re- 
lation between the n'th powers of lengths.* In fact, the line element (1.2) was 
considered by Riemann [30], but rejected in favour of the simpler alternative (1.1). 

A further generalization is to consider a line element 

ds = N{x,dx) (1.3) 

where N is some function which is required to satisfy the homogeneity condition 

N(x, Xdx) = XN(x, dx) (1.4) 

so that scaling a coordinate interval scales the length of that interval by the same 
amount. This defines a Finsler geometry [31] and (1.1) and (1.2) arise with special 
choices of the Finsler metric function A^. The length of a curve x^{t) is given by 
j dtN{x,x) and this is invariant under reparameterizations t — > t'{t) as a result 
of (1.4). It is possible to define Finsler geodesies, connections, curvatures etc [31] 
and even to attempt a Finsler generahsation of general relativity (see [31] and 
references therein). 

* The line element (1.2) is invariant under the difFeomorphisms 5x^ = —k^{x), Sh^-^^^,,,^^ = 
Ckhfi-^f_i2...fj.„ where Ck denotes the Lie derivative with respect to k^^. The transformation 
of hfj,^^2---iJ.n can be rewritten in a suggestive way as 5/i^i^2---m„ = '^'^(/ii^/i2---M„) where 
ki^2---tin — f^^^hi_ni_i2...i^ri ^^'^ ^ is afhne connection constructed using 
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To describe W-gravity, it is necessary to further generalise the geometry by 
adopting a general line element (1.3), without imposing the Finsler homogeneity 
condition (1.4). Then is a real function on the tangent bundle TM that defines 
the length of a tangent vector e TxM at x e M to be \y\ = N{x,y). It will 
prove convenient to work with the 'metric function' {x,y) — N'^{x,y) instead of 
N . Expanding in y 

fix, y) = ... Ku{x)yi'y^ + . . . + h^.^.^.^My^'y"' ■ ■ ■ y^" + ■ ■ ■ (1-5) 

gives a series of coefficients /i^jy, /i^i^j-.-M"' • • • ^^'^ ^^^^ element will be 
coordinate-independent if these transform as tensors under diffeomorphisms of M. 
The gauge fields of W-gravity will be given a geometric meaning by relating them 
to such tensors. 

Similarly, the inverse metric, which defines the squared length |yp = h^'^y^yi, 
of a cotangent vector y^ can be generalised by introducing a 'cometric function' 

F{x^,yj^) on the cotangent bundle and defining the length of y^ G T*M to be 
given by = F{x^,yi,). Expanding in y as in (1.5) gives 

F{x^,y,) = Y,hi^-^-^-{x)y,,...y,^ (1.6) 

n 

where the coeflicicnts /i^^^j"^"(a;) are contravariant tensors on Af, so that the 'length' 
of a cotangent vector is coordinate independent. For many purposes, we will find 
it convenient to work with a cometric function rather than a metric function. 

We shall eventually want to regard the /i^^j ''^"(x) as higher spin gauge fields 
on M with transformations of the form 

^ + . . . (1.7) 

plus higher order terms involving the gauge fields, where the infinitesimal parame- 
ter A^^j"'^"~^''(x) is a rank n — 1 symmetric tensor. The cometric function (1.6) can 
be regarded simply as a generating function for these gauge fields, but as we shall 
see, the gauge transformations have a natural geometric interpretation on T*M. 
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As the homogeneity condition (1.4) has been dropped, it is possible to consider 
a much larger group of transformations than the diffeomorphisms of M, Diff(M), 
namely the diffeomorphisms of the tangent bundle (Diff (TM)) or cotangent bundle 
(Diff(r*M)), which in general mix x and y. It is natural to demand that / and F 
be invariant (scalar) functions on TM and T*(M), i.e. that F'{x', y') — F{x, y) etc, 
and the transformation F ^ F' corresponds to variations under which the gauge 
fields /i^i -/^" of different spins transform into one another. These transformations 
turn out to be too general, however. Roughly speaking, this is because they do not 
preserve the important difference between the coordinates x on the base manifold 
M and the fibre coordinates y. More precisely, the action of Diff (T*M) leads to 
transformations of the h^^^"^"{x) which depend on both x and y, and so are not of 
the desired form (1.7) of transformations of higher spin gauge fields on M whose 
transformations depend on x alone. 

For this reason, we seek a natural subgroup of the bundle diffeomorphisms. 
For the cotangent bundle, we consider the symplectic diffeomorphism group 
Diffo(T*M) consisting of the subgroup of the diffeomorphism group that preserves 
the natural symplectic form Q = dx'^dy^. We shall discover the remarkable result 
that requiring the cometric function (restricted to certain natural sections of the 
bundle) to be invariant under symplectic diffeomorphisms leads to a natural set of 
transformations for the gauge fields that are independent oiy. This is true 

for any dimension of M. A role for Diffg (T*M) has been suggested previously in 
the context of W-gravity [17,3]. As will be seen, Diffo(r*M) turns out to be the 
gauge group for one-dimensional W-gravity, but for the two-dimensional case this 
is still too big and it is necessary to restrict further to a subgroup of Diffo(T'*M). 

In order to construct actions, we shall need some generalisation of the density 



y/—h, h = det[h^i,]. To construct an action for a scalar field 0, all that is needed 

is a tensor density h'^'^ , as the action 



is then invariant. The tensor density can be regarded as an independent field, but 





(1.8) 
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as det[/i^^] is a scalar in two dimensions, one can consistently impose the constraint 
det[/i^'^] = — 1 and this can then be solved in terms of an unconstrained metric 
hf^i, as h^'^ = ^/—hh^'^, so that (1.8) becomes the standard minimal coupling. 
The quantity F{x,y) — ^h^^y^yu changes by a total derivative on M under an 
infinitesimal diffeomorphism, 5F — d{k^F)/dx^ so that J^^ df^x F is invariant (with 
appropriate boundary conditions). 

In order to construct W-gravity actions, we shall need a 'cometric density' 

n^^y,) = E ^^(n)-''"(^)^/^i ■ ■ - ^M. (1-9) 

lb ^ ' 

n 

which transforms by a total derivative under an infinitesimal W-gravity gauge 
transformation, so that Jj^^d'^xF is W-invariant. In particular, invariance un- 
der Diff(M) will require that the h^^-^'^'^{x) transform as tensor densities under 
Diff(M). We will show that, with the gauge group Diffo(T*M), such cometric 
densities do not exist for dimensions d > 2, that they do exist for d = 1 and that 
they do not exist for o? = 2, but that there are cometric densities in d = 2 for 
a certain subgroup H of DiSQ{T*M). This means that >V-gravity actions of the 
type investigated in this paper exist only for d = 1, 2 and that the W-gravity gauge 
group in d = 1 is Diffo(T*M) while that in d = 2 is the subgroup H C Diffo(r*M). 
In one dimension, we give an explicit construction of a cometric density from a co- 
metric, generalising the construction h'^'^ = ^/—hh^". In d = 2, we show that the 
constraint that generalises det[/i^'^] = — 1 is 

and give some evidence to support the conjecture that a cometric density satisfying 
this constraint can be written in terms of a cometric. This is the real Monge- 
Ampere equation [29] and is sometimes referred to as one of Plebanski's equations 
[28]. 
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The plan of the paper is as follows. In section 2, classical W-algebras and lin- 
earised W-gravity will be reviewed and in section 3 the construction of W-gravities 
involving auxiliary variables [2] will be reviewed. In section 4, rf-dimensional W- 
gravity and symplectic diffeomorphisms are introduced, cometrics and cometric 
densities are analysed in section 5 and actions are constructed in section 6. In 
section 7, the relation between the equation (1.10) and self-dual geometry in four 
dimensions is used to motivate a twistor-transform solution of (1-10) which leads 
to a recovery of the auxiliary variable formulation of section 3. In section 8, the 
solution of (1.10) that generahses the construction h^'^ — \/—hh^'^ is considered 
and W-Weyl symmetry discussed. Section 9 summarises the results and discusses 
some generalisations. 

2. Classical W- Algebras and Linearised W-Gravity 

The Woo algebra [25] (sometimes referred to as Woo) is a Lie algebra generated 
by an infinite set of currents = {W'^,W^,W^, . . .} where has spin r. 
Expanding in modes W^, the algebra can be written as 

^n] = {{r-l)n-{s- l)m}iy;+; (2.1) 

with r,s > 2. Expanding the range of r, s to include a spin-one field gives 
the algebra Wi+oo [3], which is the algebra of symplectic diffeomorphisms of the 
cylinder, IR x S*^. Note that the spin-two current W"^ generates a Virasoro algebra 
(without central charge). 

This algebra can be realised as the symmetry algebra of the non-linear sigma- 
model with action 

^0 = ^ y"rf2a;5ya^0W (2.2) 
where the fields 0*(x'^) are maps from two-dimensional fiat space-time* (with 

*■ Throughout this paper, the two-dimensional space-time or world-sheet will be taken to have 
Lorentzian signature. The conversion of formulae to the Euclidean case is straightforward 
and given explicitly in [14]. 
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coordinates x'^) to a suitable target space Ai, which is some D-dimensional 
manifold with coordinates 0* {i = 1,...,D) and metric gij{(b'^). It is useful 
to introduce null coordinates, — "71 ^"^^ x^), so that the flat metric is 
ds^ — rjniidx^dx^ — 2dx~^dx~ . Then any symmetric rank-s tensor T^i...^^ is trace- 
less {ri^^T^ijpcr,,, — 0) if T+-pa... — 0, so that it has only two non-vanishing compo- 
nents, 7+-!-...-)- and T which both have spin s, but have helicities s and —s 

respectively. 

The spin-two currents 

^(±2) = T±± = \gijd±<p'd±<i>i (2.3) 

are the components of the traceless stress-energy tensor T^^n and satisfy the 
conservation laws d^:T±± = 0. They generate the conformal transformations 

(50* = k^d±(j)'^ where the parameters satisfy d±k± = 0; these conformal trans- 

(s) 

formations are a symmetry of (2.2). Any symmetric tensor d^^ ^ (0) on A4 can be 
used to define the spin-s currents 

W^±s) = -dQ^...id±(l>''d±f- . . . a±0*» (2.4) 
s 

which are conserved if the tensor is covariantly constant, i.e. d^W^^j-g^ = if 

Vjdn...i. = (2.5) 

where Vj is the covariant derivative involving the Christoffel connection for the 
metric gij. If (2.5) is satisfied, these currents generate the following semi-local 
symmetries of Sq: 

Scf^^Yl >^'^di^i,...u.d±<i/'d±<i/' . . . 5±0^-i (2.6) 

s 

where A^^**-* are parameters of helicity ±1 =p s satisfying d^X^^^^ = 0. These non- 
linear transformations are higher-spin generalisations of the spin-two conformal 
transformation [1]. 
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Any set of covariantly constant symmetric tensors on Ai gives in this way a 
set of conserved currents W^, each of which generates a semi-local symmetry of 
Sq. The symmetry algebra and corresponding current algebra will then only close 
if the tensors satisfy certain non- linear algebraic identities [1,5]. If the current 
algebra is non- linear {i.e. not a Lie algebra), as will usually be the case for algebras 
generated by a finite number of currents, then the corresponding symmetry algebra 
has field-dependent structure functions instead of structure constants [1]. For Woo, 

(2) 

d^j — Qij and a rank-s symmetric tensor is needed for each s — 3,4, The 

currents close to give the algebra (2.1) provided the tensors satisfy the following 
algebraic constraint [5] 

d\f. . . 'd^^ . . , . ^ = d^;+'-f^ ' (2.7) 

for all s,t. For flat M., there is a solution to this corresponding to any Jordan 
algebra, with d^^^ proportional to the structure constants of that algebra [26] . For 
D — 1, there is a solution with d^^^ = 1 for all s, (corresponding to the one- 
dimensional Jordan algebra IR). For Jordan algebras of order N (i.e. those with a 
norm which is an A^'th degree polynomial), then, as in [3], the algebra 'telescopes', 
i.e. all currents W±s of spin s > N can be written as products of the currents of 
spin s < [5]. Then the algebra can be regarded as closing on the finite set of 
currents of spin < N, giving the non-linear Wn algebra, which is a certain classical 
limit of the Wjv algebras found in [23,24]. For example, for Jordan algebras with 
cubic norm [26] , the spin- four current can be written locally in terms of the spin- 
two current as VF(-|-4) = 1^(±2)^(±2) higher currents can be written in 
terms of VF(±2)) W{±3)- This leads to (two copies of) the algebra W3, generated by 
^(±2)) ^(±3); with classical commutation relations given by (2.1) for r, s < 3 with 
W^(±4) = {T±±)^. This algebra is a classical hmit of Zamolodchikov's quantum 
operator algebra [22]. 

The chiral semi-local W-algebra symmetry can be promoted to a fully local 
one (with parameters A'^^''^(a;+, x~) depending on both x'^ and x~) by coupling to 
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gauge fields h^^^^ which transform as 



5/i(±«) = d^X^^'^ + 0{h) 



(2.8) 



plus terms of higher order in the gauge fields [1,5]. The linearised action is then 
given by adding the Noether coupling to 5*0, giving 



which is invariant under the linearised transformations (2. 6), (2. 8) for general local 
parameters A, up to terms dependent on the gauge fields. These can be cancelled 
by adding terms of higher order in the gauge fields and the full gauge-invariant 
action, which can be constructed perturbatively to any given order in the gauge 
fields using the Noether method, is non-polynomial in the gauge fields [1]. The 
aim of this paper is to investigate the full non-linear structure of this theory and 
give it a geometric interpretation. Note that the linearised field equations given by 
varying (2.9) with respect to the gauge fields imply the Woo constraints W±s — 0. 

Although only the bosonic realisation of Woo gravity will be considered here, 
other realisations and other W-algebras can be treated in a similar way. For bosonic 
reahsations, choosing different sets of d-tensors satisfying different algebraic con- 
straints gives different W-algebras [5] . Similar W-algebra realisations are obtained 
in many other models, including free-fermion theories, Wess-Zumino-Witten mod- 
els and Toda field theories. In each case, the symmetry can be gauged by coupling 
to an appropriate W-gravity, with gauge fields corresponding to each current [5]. 
For any model with a classical W-algcbra symmetry, the chiral gauging of the right- 
handed W-symmetry, i.e. the coupling to the gauge fields h^^^\ is given completely 
by the Noether coupling (2.9) with h^~''^^ set equal to zero, and no higher order 
terms in the gauge fields are needed [4,5]. For models with a Woo symmetry which 
telescopes down to a Wjv symmetry, the couphng to linearised Wjv gravity is ob- 
tained by setting all the gauge fields of spin s > N to zero in the coupling to 



Sq -\- S\ — Sq -\- 2 



Sx J2 [h^^'^W^+s) + h^-'^W^-s)] (2.9) 

s=2 
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Woo-gravity and modifying the transformations, as in [3]; however, the couphng to 
non-hnear Wat gravity is rather more subtle [37]. 

3. Non-Linear Gravity and W-Gravity 

Consider first the couphng of the sigma-model (2.2) to two dimensional gravity. 
The conformal invariance implies that the only components of the stress-energy 
tensor are T±± — gijd±(f)^d±(f)^ and the linearised Noether couphng to the spin-two 
gauge fields h±± is given by 



i Jd^x {gijd+(t>'d-(t^ - h--T++ - h++T__) (3.1) 
The Noether method gives the higher order terms, which can be summed to give 



Slin 2 



Sn = l Jd'x ^ _ ([1 + h-h++]gijd+<l>'d+<l)^ - h—T++ - h++T--) 

(3.2) 

This non-polynomial action is invariant under diffeomorphisms, with 50* = k^d^<p''' 
and 5h as in [32]. Following [2], it can be re- written in a polynomial 'first-order' 
form as 

Sa =2 Id^x gij [7r^9_0* + 7ria+f - Tr^Tri - ^d+(f)'d-(f>> 

J L (33) 

- \h TT^Tr:^ - ^/i++7r!_7ri 

Solving the algebraic field equations for the auxiliary fields tt!^ and substituting 
the solutions into (3.3) gives back the action (3.2). 

Although the actions (3.2) and (3.3) give a gauge- invariant coupling to spin-two 
gauge fields, they give little insight into the geometric structure and most would 
prefer to use the geometric coupling 

Sgeom V^g'^'d^^l^'dr.^'gij (3-4) 

to a metric g/^^. This is invariant under diffeomorphisms and under the Weyl 
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transformation Squv = a{x)gnp. Choosing the parameterization 

/ 2/1++ 1 + h++h— \ 

= n (3.5) 

Vl + /i++/i— 2/i__ J 

for the metric Qfj^y, the conformal factor Vt drops out of (3.4) as a resuh of Weyl 
invariance and the action becomes (3.2), with the singularity of (3.2) at h++h — = 
1 corresponding to the singularity of (3.4) when g — det(g'^;y) vanishes. 

Consider now the coupling to Woo-gravity. The linearised coupling is given by 
(2.9) and the higher-order terms can be constructed perturbatively, but no obvious 
pattern emerges and no closed form summation analogous to (3.2) appears feasible. 
The approach of [2] gives a generalisation of the action (3.3) that is fully invariant 
under local W-symmetries [3,7,5]. The action is 

S =So + Sn 

So =2 J(fx Qij ^{d-(t)^ + 7ri9+0* - Tr^Tri - 

/oo 
<fx [/i(+^)W^(+.)(7r) + /i(-^)W^(_,)(7r) 
s=2 

where 

Wi±s){^)-\d^L.iA^t---^'i (3-7) 

However, it follows from Galois theory that the polynomial field equations for the 
auxiliary fields tt!^ cannot be solved in closed form, so that the fields tt!^ cannot 
be eliminated. Nevertheless, these field equations can be solved perturbatively to 
any given order in the gauge fields, and the perturbative solution can then be used 
to reproduce the Noether-method perturbative action to that order in the gauge 
fields. 

It is clearly desirable to find a geometric approach which gives a closed-form 
action to all orders in the gauge fields without using auxiliary fields. In the coupling 
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to gravity, the Noether approach led to two gauge fields h±±, which could be 
assembled into a symmetric tensor h^i, satisfying rj^^h^j^ = 0, where rj^i, is the flat 
metric. In the covariant approach, all reference to the flat metric rj^i, is avoided 
by dropping the tracelessness condition on hfj_u- The extra component of h^i/ then 
decouples from the theory as a result of Weyl invariance. 

For W-gravity, for each s, the two gauge fields ^(+^) and h^-'^ can be assembled 
into a symmetric tensor /i^^^j-.-Ms which is traceless, rj^^^h^y,,,p = 0. This suggests 
that the covariant theory might be written in terms of unconstrained symmetric 
tensor gauge fields hnj^n^,,,^^, provided that there are higher spin generalisations of 
the Weyl symmetry which can be used to eliminate the traces of the gauge fields, 
so that for each s all but two of the components of the gauge field decouple. An 
example of such a higher-spin Weyl symmetry, which was suggested in [5] , is 



^^ifiU-Mo - Hi^iH2^l!l..i^,) (3-8) 



where the parameter of the Weyl-transformations for a spin-s gauge field is a rank- 
(s — 2) tensor a^^\ It will be seen later that for a large class of models, the 
covariant action can indeed be written in such a way, with a W-Weyl symmetry 
which is similar to (3.8), but in which the spin- two gauge field has no preferred 
role. 

We shall need a covariant generalisation of the spin-s transformation (2.6) 
which does not involve any reference to a background world-sheet metric. A natural 
guess for this is (cf [17,3]) 

= E ^(;r"'''^"4i.....i.-i^/^i'^''^A*.'^'' ■ ■ ■ 9,..,^-' (3.9) 

s 

However, this corresponds to too many gauge transformations, as in the linearised 
theory there are only two parameters, A'^"'"*^ and A^"*), for each spin s. In the 
linearised theory, the transformations (2.6) can be rewritten in terms of symmetric 
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tensors ^ subject to the condition 

ri^^l^^-^ = (3.10) 

which imphes that, for each spin s, the symmetric tensor ^Atj^/^a-.-Ais-i ^^-^^ 
non- vanishing components, A*^^*^. In the full non-linear theory, it will be seen that 
the transformations can be written as in (3.9) but with the parameters satisfying a 
non-linear generalisation of the tracelessness condition which is independent of the 
flat metric and which reduces to (3.10) in the linearised theory. These constraints 
can be solved in terms of some unconstrained tensors k^'^- in such a way that all 
but two of the components of the gauge parameters k^^'^ - drop out of the gauge 
transformation. When expressed in terms of the unconstrained k^^'^ - parameters, 
the symmetry is reducible, in the sense of [33]. 

4. Geometry, Gravity and W-Gravity 

Instead of restricting attention to two dimensions, it is of interest to at- 
tempt to formulate W-gravity in d-dimensions. Consider, then, the d-dimensional 
sigma-model or (d — l)-brane in which a configuration is a map 0'(a;^) from 
an (i-dimensional space-time or world-volume J\f, with coordinates x'^, to a D- 
dimensional target-space A4 with coordinates 0*. The cotangent bundle T*A/' has 
coordinates (x^, y^), where are fibre coordinates. The map 0*(x^) can be used to 
pull-back a metric gij{4>) on A4 to an induced metric Gni,{x) — gij{(j){x))dn(j)^di,(j>' 
on M. This transforms as a tensor under Diff (jV) and can be used to define actions 
that are invariant under Diff(j\/'), such as 

SNambu-Goto = J d'^x^- det{G^y), Scov = J d'^xV^{h'"'G^^ + n) (4.1) 
where hf^u is a metric on jV and is a constant. 
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In a similar way, a W-metric function given by f{(j),d(j)) = gij{(l))d(j)'''d(j>' + 
dijkd(p^d(f)^d(f)^ + . . . on M. can be pulled back to one on A/" 



f{x,dx)^f{<P{x),^^,<pdx^') 

= gij{(t>{x))d^(t)'d^(t^dx^'dx'' + dijk{(t>{x))d^(t)'d^(tPdp(t)^dxi'dx''dxP + 



(4.2) 



This can then be used to define an action, such as 



S= d'^x 



%9ijdf.fd,(l)^ + h^^{dijkd^,<t>'d,<tPdp(t>'' + • • •] (4.3) 



where are some tensor densities on J\f. It will be useful to introduce a 

(n) 

generating function F{x^,yi^) for these. 



1 r 



(4.4) 



which can be thought of as a variant of the cometric function and so will be referred 
to as a 'cometric density function'. In pure gravity, the tensor density /i^^^ can be 
written in terms of a metric tensor /?.|^^^ by h'^^^ = ■\/—h(^2)h'^2)^ suggesting that 
the cometric density might in turn be related in some complicated way to some 
cometric function 

F{x'^,y,) = J2y^n)-'"(^)yf^^---y^n (4.5) 

n 

where the coefficients h'f^r^" are tensors on jV. 

(n) 

An important special case is that in which Ai is one-dimensional, with gn = 
l,c?ii...i = 1, • • • etc. Then a real-valued function (f){x) on J\f defines a section of 
the cotangent bundle, y^ix) — d^cf), and the lagrangian (4.3) becomes the cometric 
density F evaluated on the section, F{x^, d^(f){x)). 
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If gij,dijk, ■ ■ ■ transform as tensors under Diff(A^), then the hne element 
f{(f),d(f)) is invariant under Diff(A^) and its pull-back f{x,dx) is invariant un- 
der Diff(A/'), as is the action (4.3), provided that the h^'^'" transform as tensor 
densities. However, much larger non-linear symmetries can be considered which 
transform tensors of different rank into one another. The Diff(Al) transforma- 
tion (50* = C{4>) can be generalised to a Diff(TAl) transformation 50* = d(f)) 
and the metric function /(0, d0) will be invariant if it is a scalar function on the 
tangent bundle. The pull-back f{x,dx) will then be invariant under Diff(TA/'). 
Unfortunately, this does not lead to a natural set of transformations for the gauge 
fields. 

In a similar way, the cometric function (4.5) can be taken to be a scalar under 
Diff(T*jV), so that under x — > x'{x, y),y ^ y'(x, y), the cometric (4.5) is invariant, 
F'{x',y') — F{x,y). However, this group is not useful as the gauge group of W- 
gravity, as it has no natural action on the gauge fields. The relation between Woo 
and symplectic diffeomorphisms [25] suggests restricting to these and, as we shall 
see, this does lead to useful results. 

The symplectic diffeomorphisms of the cotangent bundle, Diffo(r*A/'), preserve 
the two-form dx^dy^ and the infinitesimal transformations take the form 

- --^^^(^^ y)^ % - ^A(^, y) (4-6) 

for some function A. The transformations (4.6) satisfy the algebra 



[^A, ^A'] = 5{A,A'} (4.7) 

where the Poisson bracket for functions A(a;, y), A'(a;, |/) on T*A/' is 

9A 9A' 9A' 9A ,^ ^, 

This symmetry algebra is isomorphic to the Woo-algebra [25]. Strictly speaking. 
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this is the Woo algebra if the functions A are restricted to have the Taylor expansion 

oo 

A{x, y) = J2 >^ts)"''~' (^)^Mi ■ • • y^^-^ (4.9) 

s=2 

on T*J\f, while if this sum is extended to include a spin-one transformation with 
s = 1, then the algebra is that denoted by wi+oo in [3]. A function F{x,y) 
transforms under these transformations as F{x,y) — > F{x',y'), which implies 

SF = S.-lf^+Sy,IE. = {A,F} (4.10) 

Consider a section E of T*J\f in which the fibre coordinate y^ is set equal to 
some cotangent vector field, y^\j: = y^{x). On restricting functions A(a;, y) on T*J\f 
to functions A|s = A{x,y{x)) on the section, the Poisson bracket has the property 
that 

dA' 



(9A 

{A|^,A'|J={A,A'}|^+2— 



E 



dyp 



d[^.{y.]y (4.11) 

E 



where 



{ AL A'l I ^ - (4 12) 

^ dxi^ dy^,{x) dxi' dyi^{x) ^ ' ' 

Note d^yi, — 0, so that there are no d^yi, terms in {A, A'}| j., but d/dx^{yi>\^ ^ 0. 
For sections corresponding to vector fields of the form y^(x) = 9^0 for some func- 
tion (f){x) on Hi = and the Poisson brackets have the important property 
{A|e,A|'j.} = {A, A'} I J., so that for such vector fields it will not be necessary to 
differentiate between y^ and i/^xIe = Uni^)- Furthermore, for such vector fields the 
transformation (4.6) on y^ is 

6{d^4>{x)) = ^A{x,d4>) (4.13) 
and this can be consistently rewritten in terms of a transformation of 0(a;), so that 
50 = A(a;,a^0) = J]Af';*a^,0...a^,_,0 (4.14) 
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and this induces the following transformation on any function F[x^, dn(j){x)): 

SF = F{x^, d^<P{x) + d^d^ix)) - d^<j){x)) = Q^d^A = {A, F} - Sx^d^F 

(4.15) 

The last term in (4.15), —Sx^d^F, would be cancelled if in addition x were varied 
as in (4.6), in which case the result (4.10) would be recovered. Transformations 
in which the coordinates x^^, transform as in (4.6) will be referred to as pas- 
sive transformations, while transformations such as (4.15) in which is inert 
but the fields transform as in (4.14) will be referred to as active transformations. 
Both satisfy an algebra isomorphic to the symplectic diffeomorphism algebra. The 
transformation (4.14) is precisely the D — 1 form of the transformation (3.9), with 
4){x) the bosonic field, so that these transformations indeed satisfy the algebra 
(4.7), which means that the one-boson realisation of W-symmetry has a geometric 
interpretation in terms of symplectic diffcomorphisms. Note that no natural trans- 
formations can be obtained for the fields under the full diffeomorphism group of 
the cotangent bundle. 



5. Scalars and Densities 

We now turn to the search for natural geometric transformations for the gauge 
fields that arise in W-gravity. Before doing this, it will be useful to review the 
derivation of the transformation of the metric in ordinary gravity. In Riemannian 
geometry, a central role is played by the line element ds^ — h^ndx^dx^ . Under 
an infinitesimal passive diffeomorphism, 5x^ — —k^{x) and the transformation of 
the metric /i^i^ under diffeomorphisms can be determined by requiring that the 
line element ds^ be invariant, which will be the case if h^y transforms as a second 
rank tensor, 5h^p = 2V (^^k^y Then /(x) = h^i.y^y'^ is an invariant for all vector 
fields y^{x), i.e. under the transformation x'^ — > x'^{x) one has f'{x') = f{x). 
Equivalently, the transformation of the inverse metric h^^ can be determined by 
requiring the invariance of h^^dn(j)di,(j) for all functions 0, or of F[x) — h^^y^y^ for 
all cotangent vector fields y^{x). 



17 



Instead of asking for an invariant function F{x) = F'{x'), it is sometimes of 
interest (for example in constructing actions) to seek a density F{x) such that the 
integral I = J d'^xF(x) is invariant, which will be the case if F'(x') = \dx/dx'\F{x). 
Requiring that F{x) — h^'^ynyy is to be such a density for all cotangent vector fields 
y^{x) determines the transformation of h^^ to be that of a tensor density. So far, 
h^^ and h^^^ are independent; it is a remarkable fact that given any tensor h^^ , one 
can construct a tensor density by writing \/—hh^^ where h — det[/i^,y]. If d 7^ 2, 
one can invert this and obtain h^^ from h^^ ^ while if d = 2, one can only obtain 
h^^ up to a local Weyl transformation. While h^^ is the fundamental quantity for 
the discussion of geometry, it is h^^ which is crucial for the construction of actions; 
nevertheless for Riemannian geometry the two concepts are equivalent (modulo 
Weyl transformations if d = 2). 

Note that instead of dealing with passive transformations under which the 
coordinates transform, the above can be formulated in terms of active transfor- 
mations under which the coordinates remain fixed and the fields transform. Under 
active transformations, we demand that F{x) transform as a scalar, 5F — k^d^F 
and that F transform as a scalar density, 6F = d^{k^F), so that the integral 
I = J cfixF[x) changes by a surface term under diffeomorphisms. 

The purpose of this section is to generalise this to obtain W-transformations 
of the gauge fields h^^^ ,h^^^P, . . . occuring in the y expansion of some F{x,y) by 
requiring that F transform in an appropriate fashion. The first case to be con- 
sidered will be that in which F is a W-scalar, i.e. it is invariant under (passive) 
W-transformations, and the gauge fields h^^^ , h^^P, . . . are all tensors. The second 
case will be that in which F{x, y) is a W-density, i.e. F{x, y) changes in such a way 
that j df^xF is W-invariant, which will give a different set of W-transformations 
for the gauge fields /i^^, h^^P^ . . . occuring in the y expansion of F{x, y), which will 
be tensor densities. W-densities will be used to construct invariant actions in the 
following sections. We will concentrate on the case in which the matter system 
is a single free boson, as this has a natural relation to the symplectic diffeomor- 
phisms. However, many of the results generalise to other matter systems and we 
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will comment further on this in section 9. 

Consider first a cometric function F{x^, y^) {/i — 1, . . .d) with the y-expansion 

(4.5) . Invariance of F under the action of Diff(jV) (with transforming as a co- 
variant vector) imphes that the coefficients h^^-^^"" in (4.5) transform as contravari- 
ant tensors under DiS{J\f). Similarly, the requirement that F be invariant under 
general reparameterizations of T*J\f, i.e. the requirement that F'[x',y') = F{x,y) 
under x x'{x,y), y — > y'{x,y), can be used to obtain transformations of the 
coefficients h^^-4^m _ However, in general the transformations of the tensors 
obtained in this way will be y-dependent and this is unsatisfactory for the ap- 
plication to W-gravity. We shall want to interpret the cometric as a generating 
functional for an infinite number of gauge fields /i(„)(x) which are defined on M 
and which transform into functions of the gauge fields, the gauge parameters and 
their derivatives that are independent of y. This is certainly true of the gauge fields 
that arise in the Noether approach and is necessary if it is to be possible to couple 
the same gauge fields to other realisations of the W-algebra. We will now show 
that if we restrict our attention to the symplectic diffeomorphisms of then it is 
possible to find ^-independent transformations for the gauge fields h[jf^ . 

For any vector field y^{x), the variation oiF[x, y{x)) under the (passive) action 

(4. 6) , (4. 9) of the symplectic diffeomorphisms on x and y is given by (4.10), which 
can be rewritten as 



m,n=2 



\\^'y^^'^■■■Q T--Mm+n-2) ,l^il^l-Q x-/im+n-2) 

n ("j) " (n) (n) (m) 



'2---yWm+n-2 



^dF dA ^ 

(5.1) 

(Note that for general y{x), the x variation in (4.6) induces an extra transformation 
of y{x), Sy = Sx^d^y.) If the tensor fields /i(„)(a;) transform under Diffo(T*A/') in 
the following ^/-independent fashion 



Sh'^pj''"" =pY1 ^n+m,p+2 
m,n 



m — 1 



n ("i) (n) (n) ^ (m) 



(5.2) 
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then the cometric function is not quite a scalar, but transforms under Diffo(T*A/') 
as 



SF{x, y) = F{x + Sx,y + 6y, h + Sh)- F{x, y,h) = 2 



OF dA 
dyi^ dyy 



d[„y^] 



(5.3) 



If the dimension d of jV is one, the right-hand-side vanishes and F is invariant. 



(4.5), i.e. F'{x,y,h(^gj) = F{x,y,h(^gj + Sh(^g^) — F{x,y,h(^gj). For general dimension 
d of J\f, the right-hand-side vanishes for sections in which y^ — df^(f) for some 0, 
so that F(x'^, dn4>) is invariant under the transformations (4.6)-(5.2), restricted to 
the section = (9^0. For any dimension d, this gives a realisation of an infinite 
group of higher-spin gauge transformations acting on scalar fields and gauge fields. 
The spin-two \^2) transformations are just the diffeomorphisms of A/", with h^^-^ the 
corresponding metric gauge-field, while the Aj-^^ transformations give higher spin 
analogues for which the gauge fields are h'^g-^" . 

Instead of using this passive formulation in which the coordinates x^^ transform 
and scalars are invariant, an (equivalent) active formulation can be used in which 
the coordinates x^ are inert and the fields (f) and transform as in (4. 14), (5. 2). 
Then instead of 5F{x^, 9^0) = 0, one has 



Such an F{x, y) will be referred to as a W-scalar. 

To construct invariant actions, one needs scalar densities rather than scalars. 
It is straightforward to construct densities D{x,y) that can be integrated over the 
whole of the cotangent bundle {i.e. over both x and y) by introducing a metric Gmn 



cotangent bundle for any scalar L. However, for W-gravity one requires integrals 




SFixi", d^<f>) =F{x^ d^cj) + d^S^, \g) + S\g)) - F{x^, d^<P, /i(,)) 
_ dA dF{x^, a^(/)) 
dy^ ^x^' 



(5.4) 
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over the base manifold rather than ones over the whole bundle, i.e. integrals of the 
form 

J d'^xF{x,y{x)) (5.5) 

where yi^{x) is some vector field. In particular, for vector fields of the form = 
d^cf) the integral (5.5) becomes a candidate action for W-gravity. Consider, then 
the integral (5.5) where the 'cometric density function' F{x, y) has the expansion 

(4.4) . If the coefficients in (4.4) transform as tensor densities under Diff(j\/'), 
then the integral will be invariant (up to a surface term) under diffeomorphisms. 

The next step is to attempt to find transformations of the tensor densities 
such that the integral is invariant under W-transformations. For active transfor- 
mations with x^ inert and y^ transforming as 

dA 

one requires transformations of such that 

^F-^mF,A)] (5.7) 

for some Q^^{F, A) constructed from F, A and their derivatives, so that the integral 

(5.5) is invariant up to a surface term. If — Fk^ for some k^{x,y{x)), then 
the surface term arising from the variation of (5.5) can be cancelled by a variation 
of x^, 5x^^ — —k^. That is, the change in the measure df^x resulting from the 
transformation 5x^^ = —k^ of x^ would be cancelled by the variation of F under 
the passive transformations given by (5.6), fe^ = —k^ and F'{x',y') = F{x,y)J 
where J is the jacobian J = \dx/dx'\. In particular, it would be expected that 
in this case k^^ would be given by k'^ = —dA/dy^, in agreement with (4.6). If F 
transforms as in (5.7) for some fl'^, it will be referred to as a W-density, while 
in the special case in which — Fk^ for some k'^{x,y{x)), so that the active 
viewpoint is equivalent to a passive one, it will be referred to as a proper W-density. 
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Surprisingly, it turns out that it is only possible to contruct W-densities with y- 
independent transformations of the tensor densities h^^^■^ in dimensions = 1, 2 and 
that these are not proper densities, as will now be seen. This is in contrast to the 
case of W-scalars, which can be constructed in any dimension d, and the case of 
ordinary gravity, where densities are proper. 

Consider, then, the variation of the integral (5.5) under the y transformation 
(5.6). The change in F is given by 

m,n=2 

+ (m - i)^;',7---'^"-uf;,^"^^---'^-^"-^V?/A..---?/M.+.-35.2/p 

(5.8) 

The strategy is to attempt to write the term involving d^yp in (5.8) as a total 
derivative term plus a term with no derivatives on any y^, as such a term can be 
cancelled by a suitable variation of the gauge fields h^^gy This would leave F with 
the W-density transformation rule (5.7). 

In one dimension, d = 1, (5.8) can indeed be rewritten as 

= + E n + [^"^ " ^(-) ^^(-) ^)\m)dhn^ (5-9) 

n,m=2 

where 

oo 
n,m=2 

and the one-dimensional indices ji^v, ... have been suppressed (/i(p) = ^[pj^ etc). 
If the tensor densities transform as 

^~^{P) = E ^rn+n,p+2 {m - l)X^m)dh^n) - {n - l)h^ri)dX{m) (5-11) 
m,n 

then the variation of cancels the second term on the right hand side of (5.9), 
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so that 

SF = F{x, + S(f), h^p) + 5\p^) - F{x, 0, = da^n (5.12) 
Then the integral (5.5) is invariant up to a surface term under (5. 6), (5. 11) 

6S = J dx d,,Vt (5.13) 

and this will vanish with suitable boundary conditions. Note that Q can be rewrit- 
ten as 

Q(x,y)=N-i(|^[NF]) (5.14) 

where N is the number operator N = yd/dy for y, so that N|/* = sy^ and 
N~^y'' — s~^y^. Thus with the transformation (5.11), F transforms as a W- 
density, although the surprising presence of the number operator in (5.14) implies 
that it is not a proper W-density, so that the surface term variation (5.7) cannot be 
completely cancelled by a transformation of x^. Note that (5.11) imphes that h(^g) 
transforms as a contravariant tensor density of weight s under the one-dimensional 
diffeomorphisms with parameter A = A(2)) 

= \dh(^g) — {s — l)h(^g^dX (5.15) 

In one dimension, = 1, a W-density can be related to a W-scalar transfor- 
mation (5.2) as follows. If h^j^-^ transforms as in (5.11), then h^^^ = nh^^_^_i^ has 
precisely the transformation (5.2). This means that the quantity 

Qp' ^ _ ^ 

^ n n 

is a W-scalar. In particular, the variation (5.11) leads to the change of K 

ShK = K{x, y, h(n) + ^~h{n)) - K{x, y, h(n)) = dyAd^K - dyKd^A = -{A, K} 

(5.17) 

and the transformation of x and y under the symplectic diffeomorphism (4.6) leads 
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to a change of K given by 5K = {A.^}, which cancels (5.17). This gives the 
important result that for any d = 1 W-density F, the derivative §|- is a W-scalar. 

For dimensions d > 1, the problem is to write the term involving 8^1/1, in (5.8) 
as a surface term plus a term without any derivatives acting on any y that can be 
cancelled by an appropriate /?.(^,) variation. This is not possible for d > 2 or for 
d — 2; this is easily seen in the special case F = ^■r]^'^ynyv: when (5.8) becomes 

dF = d^iAy^ - Hd.y") (5.18) 

and there is no way to get rid of the di^y'^ term (where y" = r]^^yij) ■ 

However, for the two-dimensional case, if one further imposes the constraint 
that 

^..A^- = (5.19) 
then (using dny^ = d^y^) it follows that 




(5.20) 

which is of the required form of a total derivative plus a term with no deriva- 
tives on any y. Thus for =2 W-gravity linearised about this flat background, 
linearised W-densities exist only if the gauge group is restricted to a subgroup 
of the symplectic diffeomorphisms in which the parameters satisfy a constraint 
whose linearised form is (5.19). This is in agreement with the discussion of lin- 
earised W-gravity of section 2. This suggests that in d = 2, a W-density might 
exist if the gauge group is restricted by some constraint whose linearearised form 
is (5.19), and this is indeed the case. A lengthy calculation (using the fact that 
in two dimensions any tensor can be written as T^yp,,, = T(^ni,)p,_, + T\^nv]p... and 
the anti-symmetric part is proportional to the two-dimensional alternating tensor 

★ The alternating tensor satisfies e^^Evp = 5^p and = 1. 
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-^e^jyTp..., where Tp... = e'^^T^pp,.,) leads to the result that 



(5.8) can be written as 



^-^ ^ m + n — 2 

n,m=2 



y niV ■ ■ -V n 



m+n—2 



(m- l)(n- 1) ^ /rMi-/in > /i»+i-M^+n-2i^' 
(m - l)(m- 2) 



m + n — 3 



, ~lypi...fln-l 

Ov \ ri{n) 



\ Pn/in + l---MlTl+n-2 



(5.21) 



where 



oo n— 2 



n=2 m=2 
, a/3 7(5, 



(5.22) 



for certain coefficients an, and 



m — 1 



n,m=2 



[m + n — 2){m + n — 3) 



m+n— 2 



(n-1) (^S'-'-A^';;;--'^-— ) 



(5.23) 



Then if the tensor densities transform as 



~Hip,2-IJ.p 



m+n,p+2 



+ 



(m-l)(n-l) r.KMiM2... r-Mp) 



(m) / 



(5.24) 
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the integral (5.5) transforms as 

SS^ J (fx {d^n'' + X) (5.25) 

This means that the action will be invariant up to a surface term under the trans- 
formations (5. 6), (5. 24) for which the parameters A(jjj) satisfy the constraint X = 0. 
This constraint gives the required non-linear generalisation of (5.19) and will be 
discussed in the next section. From (5.24), the /i^^) transform as tensor densities 
under the A (2) transformations. Note that on restricting to one dimension, the 
transformation (5.24) reduces to (5.11). 



6. Covariant Actions 

Before constructing W-invariant actions, it will be useful to consider the anal- 
ogous problem of deriving the coupling of a matter system in d dimensions to 
gravity, without using any knowledge of geometry. Suppose one has a mat- 
ter current Sjj^i, — S(^^j^-^ which transforms under diffeomorphisms as a tensor, 
^S^n — ydpS^jj^ + 2Sp(^ij^diy^kP, e.g. in the sigma- model example, one has the tensor 
S^f = gijdf^(f)^di,(f)^ . Note that it would be inappropriate at this stage to subtract 
a trace to obtain the usual stress tensor, as that would involve introducing a back- 
ground metric. The fact that the current Sfj,i, transforms linearly implies that the 
following action 

J d'^xh''''S^,, (6.1) 

can be made diffeomorphism invariant by attributing to the field h^^{x) a suitable 
transformation law. Indeed, the action is invariant provided h^^{x) transforms as 
a tensor density: 

Sh^''' = kPdph^''' - 2hP^^dpk''^ + h^'^dpkP (6.2) 

If 0? 7^ 2, one can define h^^ — hP'^[det{—hi^'^)\^/^'^^'^^ and show that it transforms 
as a tensor. The density can be rewritten in terms of the tensor as hP"^ — \/—hh^^ 
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(where h = det(/i^jy) and /i^jy is the inverse of /i^^) and this can be substituted into 
the action (6.1) to give the usual couphng to a metric tensor h'^'^. Both h and h 
have the same number of components and the two formulations are equivalent (at 
least for non-degenerate metrics). U d — 2, however, the tensor density cannot be 
written in terms of a tensor in this way. Nevertheless, in two dimensions, det(^'^'') 
is a scalar, so that one can consistently impose the constraint det(^'^'^) = — 1 to 
eliminate one of the three components of h^^'^ . This constraint can then be solved 
in terms of an unconstrained tensor h^^'^ by writing h^^'^ — \/—hh^^^. This solution 
is invariant under Weyl scalings of the metric, —>■ crhni^, so that h^i, depends on 
only two of the three components of h^,^, as one of the components is pure gauge. 

To summarise, the geometric coupling to gravity was recovered by first finding 
a gauge field h in terms of which the action was linear and then rewriting this in 
terms of a gauge field with covariant transformation properties in the case d ^ 2, or 
imposing a covariant constraint in the case d — 2. We now use a similar approach 
to seek the coupling of a sigma-model to d-dimensional W-gravity, which in the 
case d — 2 has the linearised form (2.9). Consider the case in which the target 
space dimension is D — 1. We require an action of the form 

J d'^xFix^', d^(i)) (6.3) 

for some cometric W-density F, with expansion (4.4) in terms of the tensor densities 
(n) ^" on M, and demand that it have a W-symmetry invariance under which (p 
transforms as in (4.14) and the transformations of the density gauge fields ^^^j"'^" 
are independent of 0.* If such an action is found, the next stage is to rewrite in 
terms of a cometric (4.5) whose components hf^^-^ are tensors iid ^2, or, if = 2, to 
impose invariant constraints and solve in terms of a cometric function with higher- 
spin W-Weyl symmetries, so as to recover the linearised results given earlier. Note 

* If this requirement were dropped, it would be straightforward to find a W-gravity couphng 
for all d, but it would not give a universal W-gravity which could be coupled to all matter 
systems with W-symmetry and would not give the non-linear form of the linearised action 
(2.9). Note also that an active viewpoint is now adopted, so that the coordinates x do not 
transform. 
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that the gravitational couphng for any tensor current S^i, is given by (6.1). For 

W-gravity, we will find the coupling for the matter currents d ^^(j) . . . d ^^(j) , but 

in) 

the same coupling then immediately works for any set of matter currents S^^,_,^^ 
which transform into one another under W-diffeomorphisms in the same way as 

The results are as follows. Invariance of the action (6.3) (up to surface terms) 
requires that F is a W-density transforming as (5.7) for some Q.^, and the results 

of the last section can now be applied to the cotangent vector field = d^(f). 
First, ii d > 2, there arc no W-densities for which h(^g-^ has no dependence in its 
transformation rules and so there is no such invariant action. 

Next, if d = 1, so that the sigma- model can be interpreted as a particle action, 
W-densities indeed exist, so that W-gravity actions can be constructed. Specif- 
ically, the action (6. 3), (4. 4) is invariant (up to a surface term) under the trans- 
formations (4. 9), (4. 14) and (5.11) where the one-dimensional indices yU, z/, ... have 
been suppressed. The gauge group is the symplectic diffeomorphism group of the 
cotangent bundle of the one-dimensional manifold M, T)\S.q{T*M). This gives the 
one-dimensional W-gravity theory of [5]. 

In one dimension, one can in fact go much further and construct the action 
explicitly from an invariant cometric line element (i.e. a W-scalar) F{x,y). For 
comparison, the coupling to gravity (as opposed to W-gravity) is given by the 
truncation of the action (6.3) to ^ / dxh{2){(^'^)'^ ^'^'^ this case the tensor density 
h(^2) can be rewritten in terms of a contravariant inverse metric tensor h^2) by 



/ill = {h^^) ^ — h — det[hni,].) In a similar spirit, we will now show that the 
action (6. 3), (4. 4) with d — 1 can be rewriten in terms of a cometric 




(6.4) 



(This is the one-dimensional form of h^'^ — Vhh^^ , with positive definite metric 




(6.5) 
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which transforms as a scalar under DifFo(T*A/'), i.e. under the (active) trans- 
formation in which h(^^~^ transforms as in (5.2) and (j) as in (4. 9), (4. 14), 5F = 
[dA/ d{d(j))]dxF . (Equivalcntly, F is invariant under the 'passive' transformations 
in which, in addition to the above transformations, the coordinate x transforms as 
5x^ -[dA/d{d(f))].) 

It was seen in the last section that, given any W-density F, the derivative ^ 
is a W-scalar. This suggests identifying ^ with the W-scalar (6.5). However, this 
is not quite correct, since the Taylor expansions of F and F start at order y^, while 
that of ^ starts at order y. It follows that (^^^ is a W-scalar whose expansion 
starts at order and so can be identified with (6.5). We then give the cometric 
density function F in terms of a W-scalar cometric function F as 



dF{x,y) 
dy 



2F{x, y), = V^n^) (6.6) 



The factor of two is a consequence of our conventions, while the square root in 
(6.6) was to be expected from comparison with the pure gravity limit; indeed, the 
term of lowest order in y in the Taylor expansion of (6.6) reproduces (6.4). These 
relations can be integrated to give F explicitly, using the boundary condition that 
F{x, y) is a power series in y starting with the term. In terms of the number 
operator N = y^, using the identity F — N~^{ydFdy), we have 



F{x, y) = \y^2F{x,y)\ (6.7) 

so that 

1 

oo / oo \ 2 

n=2 \ n=2 / 

and expanding in y gives the in terms of the . 

We turn now to the case of two-dimensional W-gravity. Consider the action 
(6. 3), (4. 4) and (f) transformation (4. 9), (4. 14) with d — 2. The tensor densities 



29 



will eventually be expressed in terms of tensors h(^g-^ in such a way that in the 
linearised limit, (2. 6), (2. 8) and (2.9) will be recovered. However, even in the lin- 
earised theory, the action was not invariant under the full Diffo(T*A/') group under 
which 4> transforms as (4.14), but only under the subgroup in which the parameters 
satisfied a constraint whose hnearised form is (3.10). This is of course borne out 
by the full non-linear analysis, with the result that the action (4. 4), (6. 3) is only 
invariant under the transformation (4. 9), (4. 14) together with a transformation of 
the which is independent of if the parameters A(s) satisfy a constraint whose 
linearised form is (5.19). The transformation (5.21) implies that an invariant ac- 
tion is obtained if the constraint X = is imposed, where X is given by (5.22). 
The condition that X = for all y{x) implies that 



n-2 
m=2 



Vp{lli_...Hn-m-2 , /i„_m_l.../i„_4)aT ^ 



■va^pT ii'{n-m) 



(6.9) 



for each n > 2. This constrain can be rewritten in terms of A (4.9) and F as 

d'^F 



dy^dy,, dypdy^ 







(6.10) 



or, equivalent ly. 



dyp.dyv 



dyp.dyv 







(6.11) 



Introducing frames such that h^-^ — e-ae^r] and expanding (6.10) in y gives 
the first few constraints as 



^ahcd _ labic.d) 



9 ~ 

abc i^abc \ 

(4) - 3/^(3) ^(3)a6> 

a{c .d)b Ir 



Vab\5) - ^(3) \4)ab ~ '^{3)a\4)b + 2 ^ ^^^""^ 



(6.12) 



This generalises (3.10) and the trace of A^^) is set equal to an /i-dependent expres- 
sion involving the A^^,) for r < s, so that these constraints can be solved in terms of 
the trace-free parts of the parameters, leaving just two parameters for each spin. 
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The action (6. 3), (4. 4) is then invariant under the transformations (4. 14), (4. 9) 
and (5.24) provided the parameters satisfy the constraint (6.10). As in the case 
of gravity, the hnear couphng to tensor densities is fully gauge-invariant, but is 
non- minimal. In the case of gravity, the constraint det{h'^'^) — —1 can be imposed 
and solved as h^'^ — ^/—gg^'^ to give the usual Weyl- invariant formulation (3.4). 
For W-gravity, some generalisation of this constraint is needed that is preserved 
by W-gravity transformations. Prom the analysis of section 2, the linearised form 
of this constraint should imply that the h^^■ ■'^ are traceless (with respect to the flat 
metric 77^1^ about which one is expanding in the linearised approximation) , but the 
non-linear constraint should not refer to any flxed background metric. Consider 
the following constraints on the gauge fields /i(2), /^(s), /i(4) 

det (hl2)) = -1 (6.13) 



V^^fsT^O (6-14) 

It-Ill' — g '^/ua 'iz//3 '^'(3) "(3) (^D.iOj 

where h^y is the inverse of h^2)^ ^/jz/^(2) = ^if- Linearising these constraints im- 
plies that, as required, /i(3) and /i(4) are traceless with respect to 77^,/, to lowest 
order in the gauge fields. Furthermore, it is straightforward to check that these 
constraints are preserved by the transformations (5.24), so that they can be con- 
sistently imposed on the gauge fields. The full set of constraints are generated by 
the constraint 

det (^G^'^(a;,y)) = -1 (6.16) 

where 

G'^'M-^^^P^ (6.17) 

Expanding the constraint (6.16) in y^, one finds the coefficient of is a non- 
linear constraint on which (for n > 0) sets the trace /i^i/ h!{n)'^ equal to a 
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non-linear function of the /ij-,^-) for m < n, so that the constraint has the cor- 
rect Unearised Umit. The first three constraints from the expansion of (6.16) are 
precisely (6. 13), (6. 14), (6. 15). A lengthy calculation shows that this infinite set of 
constraints on the density gauge fields h'^g-^" is preserved by the transformations 
(5.24), and so can be consistently imposed on the gauge fields without spoiling the 
invariance of the action. Rather than give the lengthy direct proof of this result, we 
shall instead present an indirect but simple derivation of this constraint in section 
7. The equation (6. 16), (6. 17) is the real Monge- Ampere equation for a function 
of the two variables this equation is discussed in detail in [29], where it the 
existence of solutions is established (subject to certain conditions). 

The constraint (6.16) can be interpreted as follows. Let be complex coordi- 
nates on with real part y^, so that — yn-\-iu^ for some u^. Thus [x^^ z^^ z^) 
are coordinates for a bundle CT*Af which is a complexification of T*J\f, whose 
fibre at is C^, the complexification of the cotangent space T*J\f ~ H^. Then 
substituting = ^{z^ + z^) in F{x, y) gives a function 

Kx{z,z) = F{x,z + z) (6.18) 



for each point x on the base space M , which can be interpreted as the Kahler 
potential for the metric 

on the complexified cotangent space at x, CT*J\f ~ C^. The fact that is 
independent of — —\{zn — z^) implies that Kx is the Kahler potential for a 
Kahler metric of signature (2, 2) on IR^ with two commuting holomorphic Killing 
vectors, d/du^. The condition det {^'x' {y)^ = —1 is then the Plebanski equation 
[28] (or complex Monge- Ampere equation [29]), which requires that the metric is 
Ricci-fiat and so hyperkahler and this implies that for each x, the corresponding 
curvature tensor is either self-dual or anti-self-dual. Thus, for each x, F(x, y) — 
Kx{z, z) is the Kahler potential for a hyperkahler metric on IR^ with two commuting 
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(tri-) holomorphic Killing vectors and signtaturc (2,2). (For Euclidean W-gravity, 
with hfji, has signature (2,0) and the internal hyperkahler metric G'^'^ has signture 
(4,0)). Thus Kx{z,z) gives a two-parameter family of metrics labelled by the 
points e J\f, so that in this way we obtain a bundle over J\f whose fibres are 
C^, equipped with a half-flat metric with two Killing vectors. 

If F satisfies the constraint (6.16), the constraint (6.10) on the infinitesimal 

parameters A can be rewritten, to lowest order in A, as 



which implies that F + A also corresponds to a Kahler potential for a hyperkahler 
metric with two killing vectors, so that for each x, A represents a deformation of 
the hyperkahler geometry. 

The field equation obtained by varying in (6.3) is 




(6.20) 








(6.21) 



which can be rewritten as 




(6.22) 



n 
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7. Twistor Transform Solution of 
Monge-Ampere-Plebanski Constraints 



The general solution of the Monge- Ampere equation (6.16) can be given implic- 
itly by a Penrose transform construction. For solutions with one (triholomorphic) 
Killing vector, the Penrose transform reduces to a Legendre transform solution [35] 
which was first found in the context of supersymmetric non-linear sigma-models 
[34]. This will now be used to solve (6.16); see [35] for a discussion of the twistor 
space interpretation. It will be convenient to introduce the notation yo — CjVi — 
The first step is to write F{x, C, ^ the Legendre transform with respect to ( of 
some H, so that 

F{x,C,0 = nC-H{x,7r,0 (7.1) 

where the equation 

gives TT implicitly as a function of x, C, so that tt = 7r{x, C, 0- Then it is straight- 
forward to show that 

dp dp dH 

and 

and to use these to obtain 



(7.5) 
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It then follows that 

Then the Monge- Ampere equation (6.16) will be satisfied if and only if H satisfies 
and the general solution of this is 



= (7.7) 



H = Hi{x,T: + i) +H2{x,Ti-0 (7.8) 

for arbitrary functions Hi,H2. Then the general solution of (6.16) is given by the 
Legendre transform (7.1) of (7.8) and the action (6.3) can be given in the first 
order form 

S = J(fxF{x,y)= J (fx (n^-Hi{x'',TT + (f)')-H2{x'',Ti-(p')^ (7.9) 

where yo = (j),yi = (f)'. This is essentially the canonical formulation of W-gravity 
of [9]. The field equation for the auxiliary field tt is (7.2) and this can be used in 
principle to eliminate tt from the action. However, it will not be possible to solve 
the equation (7.2) explicitly in general. 

The close relation between the forms of the action (7.9) and (3. 6), (3. 7) suggests 
that there may be a covariant Legendre-type transform technique that leads to the 
form of the action (3. 6), (3. 7). Indeed, F can be written as a transform of a function 
H as follows: 



F(x^, y,) = 27r% - ^v^'^y^.y, - 2H{x, tt) (7.10) 



where the equation 



dH 



implicitly determines tt^ = 7r^(x'^,yp). H is not quite a Legendre transform of F 
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with respect to yo and yi because of the y'^ term in (7.10). Then 

OF 



27r^-r/^V (7.12) 



dyii 

and the transform (7.10) can be inverted to give 

H{x, tt) = —H^^: y.) + - Iv^'y^^y. (7.13) 

where (7.12) imphcitly gives = y^{x,T[). As the transform is invertible, any F 
can be written as the transform of some H and vice versa. Using 



dyfj,dy„ ydn'^dn" 
it follows that 

where 

Then F will satisfy (6.16) if and only if its transform H satisfies 

V^^ = ^^ = l (7.17) 
The general solution of this is 

H ^n+TT- + L{x,n+) + L{x,TT-) (7.18) 
which can be used to give the action 

j (fx (^27r^y^ - 2H{x, n) - ^Ty'^'y^?/-) 
= j (fx (^27r% - Ty^.TT^TT'^ - ^^t'^y^y, - 2L{x, 7r+) - 2L{x, tt")^ 



(7.19) 



The field equation for tt'^ is (7.11), and using this to substitute for tt gives the action 
(6.3) subject to the constraint (6.16). Alternatively, expanding the functions L, L 
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as 



L(x,7r+) = ^-/i(+")(7r+)* 

^ ' (7-20) 

s=2 * 

reproduces the action (3.6). In this way, the auxihary fields tt'^ of the approach 
of [2] have a natural twistor interpretation, and we learn that the fact that the 
actions (7.9), (3. 6) are hnear in the gauge fields refiects the fact that the twistor 
transform converts the self-duality equation into a linear twistor-space problem. 

Conversely, we know from [2,3] that the action (3.6) is invariant under Woo 
transformations and that this action can be rewritten as (7.19) provided that H 
satisfies the constraint (7.17). However, if(x,7r) can be expressed in terms of 
a function F{x,y) using the inverse transform (7.13), and using this the action 
becomes simply J cPx F{x, y) while from (7.15) it follows that the constraint (7.17) 
becomes precisely (6.16). Thus the fact that (7.19) subject to (7.17) is an invariant 
action implies that the action (6.3) subject to the constraint (6.16) is also invariant. 
This establishes the result that the constraint (6.16) is consistent with the W- 
transformations, as claimed in the last section. 



8. Covariant Formulation and W-Weyl Invariance 

The constraints on the gauge fields h^^' generated by (6.16) can be solved 
in terms of unconstrained gauge fields in a number of ways. We shall first review 
the solution of [14] which led to gauge fields which transformed naturally under 
W-Weyl symmetry and then discuss a solution which it is conjectured will lead to 
an expression of the gauge fields h^^" occuring in the expansion of a W-density 
F(x, y) in terms of the gauge fields h^^" in the expansion of a W-scalar. 

The constraint (6.13) can be solved in terms of an unconstrained metric tensor 
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9iJLu = g{2)iiv as 

^f^) - ^99^) (8-1) 
Similarly, the constraint (6.14) can be solved in terms of an unconstrained third 
9(3) 



rank tensor 



<3) - l9^^ 9[i) 9aP 



(8.2) 



and (6.15) can be solved in terms of an unconstrained fourth rank tensor g'^^-^'^^: 



(4) 



(8.3) 



where 



•4) 



~^(3) 4^ ^(3) 9al3 

This can be repeated for all spins, giving the constrained tensor densities 
ju,iix2.:Hn terms of unconstrained tensors gi^^f^^-t^^ which can be assembled into 

(n) ^(n) ' 



a function 



(8.5) 



n=2 



The generating function F for the tensor densities ^(^j) can then be written as 



F{x,y) = fl{x,y)f{x,y) 



(8.6) 



where Q is determined in terms of / by requiring (8.6) to satisfy (6.16). The 
function Q has an expansion of the form 

n{x, y) = Y, fi^^J^--'^" {x)y^^ y,,...y,^ (8.7) 

n=0 

and substituting (8.6) in (6.16) gives a set of equations which can be solved to give 
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the tensors in terms of the unconstrained tensors ^fj-^) in (8.5). This gives 



0(2) =1 
"(3) - 



'-9 

1 



2 V fl'fl'(3) Qvp 



-9 



where Q^'^ is given by (8.4) and g'^^-^'^^ is related to the tensor g'^^-^^°' in (8.3) by the 
field redefinition 



pupa ^pvpa 4 [pvp^a) 

%) -3%) ^^(3) 



(8.9) 



The solution (8.1) to the constraint (6.13) is invariant under the Weyl trans- 
formation g^y (T{x)gnp, and this suggests that (8.6) should be invariant under 
higher spin generalisations of this. Indeed, writing F in terms of / gives an action 
which is invariant under the W-Weyl transformations 



5f{x,y) = a{x,y)f{x,y) 



(8.10) 



Expanding 



a{x,y) = 



7(2) (x) + a['3)(x)y^ + a'^^.^{x)y^yy + 



these can be written as 



(8.11) 



y(n) 



n 



E\ (pi-Pr Pr+l-Pn) 
9{r) ^(n-r+2) 



r=2 



(8.12) 



These transformations can be used to remove all traces from the gauge fields, 
leaving only traceless gauge fields. These W-Weyl transformations are similar to 
those given in (3.8) and have the same linearised limit, but have the advantage 
that they do not give a privileged position to the spin-two gauge field. 
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The relation (8.6) implies that a W-Weyl transformation can be used to set 
F{x,y) = f{x,y), so that h^^^'^" = in this W-Weyl gauge. This means 

that in general the transformations of can be taken to be equal to those 

of h'^^^"'^" , or to be related to these by a possible W-Weyl transformation. For 
example, this gives the transformation of g'j^^^ to be that of (6.2), up to a Weyl 
transformation 

5g^"' = kPdpg^"" - 2/(%A;'^) + g^'^ia + dph^) (8.13) 

Then shifting a ^ a' — a + dpk^ absorbs the dph^ term into the Weyl transforma- 
tion and the transformation becomes the standard one for an inverse metric: 

5gt^^ = kPdpg'"' - 2gP^''dpk''^ + (8.14) 

Similarly, the term proportional to [9jyA^^^^^^'"] S'^'g^*''' in the variation ^^f^^i^^^-.-Pp 
given by replacing hhy g in (5.24) can be absorbed into a W-Weyl transformation, 
but the resulting transformation for is not that corrsponding to that of a 
W-scalar and does not seem to have any obvious geometric interpretation. 

The constraint (6.20) on the parameters A(^') can be solved in a similar fash- 
ion in terms of unconstrained parameters f^i^^j--^^"-^ the transformations of 
the unconstrained gauge fields can be defined to take the form Sg'^^!^'^'"^"' = 

^'■^^^(n) '^"^ -I- The might be thought of as gauge fields for the whole 

of the symplectic diffeomorphisms of T*jV (with parameters A;(fi)), and appear in 
the action only through the combinations h^^y The transformations of h^^j and (f) 
then only depend on the parameters /cj-^j) in the form X^^y 

In gravity theory, it is sufficient to have a metric /i^j^ in order to construct 



actions, as densities can be constructed using y— det[/i^j/]. In W-gravity, it is 
natural to ask whether a cometric function F which transforms as a W-scalar can 
be used to construct actions, and in particular whether a W-density F can be 
constructed from a W-scalar F. If so, this would lend weight to the idea that 
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the cometric F might play a fundamental role in W-geometry in the same way 
that the line element does in Riemannian geometry. This would be particularly 
attractive, as a W-scalar transforms naturally under the whole of the symplectic 
diffeomorphisms of the cotangent bundle, Diffo(r*A/'), while a W-density only 
transforms under the subgroup of this defined by the constraint (6.10). Thus, 
as in the previous paragraph, we would have gauge fields hf^^) the whole of 
Diffo(TW) with the W-scalar transformation law (5.24), 



(n) (n) 



(8.15) 



with 



in) 



t^fn) - (traces)] + . . . plus non-hnear terms, and Sh^^^:^-^" = 

(traces)] + . . . plus non-linear 



(n) In) I- in 



in) 



\n) 



terms. 



It is straightforward to show that the first few density gauge fields h(^n)i subject 
to the constraints generated by (6.16), can be written in terms of the first few tensor 
gauge fields /i^^) as follows: 



h 



(2) 



U6) 



^(3) 



(3) 4" "(3) 



(8.17) 



(4) 



-h 



+ 



a/3 



^.18) 



where indices are raised and lowered with h^^ = h^-^ and its inverse h^y, h 
det[/i^i/] and 



2 3 (3) (3)a 



(8.19) 



This means that given a set of gauge fields h{n) transforming under Diffo(T*A/') as 
in (5.2), then the gauge fields defined by these equations transform as in (5.24). 
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I conjecture that all the can be written in terms of h(^^-j gauge fields in this 
way, although I have as yet no general proof; this is currently under investigation. 

9. Summary and Discussion 



We have seen that symplectic diffeomorphisms of the cotangent bundle of the 
space-time (or world-sheet) Af play a fundamental role in W-gravity, generalising 
the role played by the diffeomorphisms of J\f in ordinary gravity theories. For 
any dimension d of jV, we found an infinite set of symmetric tensor gauge fields 
n = 2, 3 . . ., transforming under the action of a gauge group isomorphic to 

(n) 

Diffo(T*A/') as 



n+m,p+2 



-h 



n 



vim- 
(n) 



" (m) 



(9.1) 



where fc|^y'^'"~^(a^) are unconstrained infinitesimal symmetric tensor parameters. 
These transformations had a geometric interpretation: they were precisely the 
transformations needed for the generating function 



i^(^^z/M) = E^^(n^"(^)^M-••^Mn 



(9.2) 



to transform as a W-scalar, i. e. to be invariant under the action of the gauge group 
Diff (T'*A/') (as described in section 5, with y — 90). This suggested regarding F 
as the natural generalisation of the invariant line element of Riemannian geometry. 

As well as considering W-scalars, we also considered W-densities F, which 
we found could only exist in dimensions d — 1,2. The W-density F generated an 
infinite set of gauge fields h'f^:"^"'. In the case d—1, these gauge fields transformed 

(n) 

under local Diffo(T'*A/') ~ Woo transformations as 



Sh 



m+n,p+2 



(m - l)A(^)a/i(„) - (n - l)h^n)dX(r 



(9.3) 
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For (i = 2, we considered gauge fields with the transformation 



^ ~ ^)\m) '^^ Hn) -yn-^j ri(n) ^'^\m) 



m,n 

(m-^l)(n-^ r^KA*iM2... r-Mp) rKMiMa- ^...^p)! 

+ ^''\\m) Hn) -V) V) J 



(9.4) 

Note that we could consider this transformation for any dimension d] in particular, 
it reduces to (9.3) if d = 1. However, for d > 2, the corresponding generating 
function F is never a W-density, while for d = 2 F is not a W-density for the 
full group Diffo(T*A/') but only for the subgroup defined by the constraint (6.9), 
or equivalently, (6.10). This formulation is redundant, in the sense that there are 
more gauge fields than are needed, and it was shown that the following constraint 
could be consistently imposed on the gauge fields: 

This constraint is preserved by the gauge transformations (9.4), and imlies that 
the linearised gauge fields are traceless. 

For d = 1, we showed that gauge fields transforming as in (9.3) could be 
explicitly constructed from gauge fields h^^^ transforming as in (9.1), so that given 
any d — 1 W-scalar F{x, y), we obtain a W-density by writing 

F{x, y) = N-i [y^2F{x,y)\ (9.6) 

For (i = 2, we showed that the first few gauge fields n = 2,3,4, could be 

expressed in terms of W-scalar gauge fields /ij-^j-j (provided that the gauge fields 
satisfied the constraints generated by (9.5)) and conjectured that there was such 
a construction for all n. The reformulation in terms of the involved many 
redundant gauge fields (in the linearised theory, these are the traces of the /i(n)) 
which could be gauged away using W-Weyl transformations. 
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The action for a single scalar field coupled to W-gravity in either one or two 
dimensions {d = 1, 2) is then given by the integral of the W-density F{x, d4>) over 

I d''xY,yi--^^-{x)st^...,. (9.7) 

'' n 

where the currents sjj^],,^^ are defined by 

= (9.8) 

Th 

li d — 2, this remains invariant if the constraints generated by (9.5) are imposed 
on the gauge fields and it seems that the action can then be reformulated in 
terms of W-scalar gauge fields 

So far we have restricted ourselves to the rather trivial case of a single boson. 
However, for any matter current S^i, that transforms under diffeomorphisms in 
the same way as the free boson current ^gijdn(f)'^di,(f>' , i.e. which transforms as a 
tensor, the action S — J d^x h^^Snn is invariant provided that h'^^ transforms as 
a tensor density. In the same way, given any matter system which can be used 

in) 

to construct a set of currents S'^i...^„ which transform in the same way under W- 
gravity transformations as the single-boson currents (9.8), then the action (9.7) 
involving these new currents will be W-invariant, provided that the gauge fields 
h transform as in (9.3) or (9.4). This immediately gives actions for a large set of 
matter systems; this will be discussed further elsewhere. 

Another important issue is the generalisation of these results to other W- 
algebras. As will be shown in [37], the gauge fields h for Wn gravity are generated 
by a W-density F which, in addition to the constraint (9.5), satisfies a non-linear 
[N -\- l)'th order differential constraint, which implies that only the gauge fields 
^(2)) ^(3)) ■ ■ -^(iV) independent. Whereas the constraint (9.5) is related to self- 
dual geometry, the new (A^-l-l)'th order differential constraint is similar to the type 
of constraint that arises in the study of special geometry [38] . The truncation to 
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the W-gravity theory corresponding to the algebra 'Woo/2 more straightforward: 
it corresponds to setting to zero all of the gauge fields of odd spin, /i(2n+i)- 

One motivation for the study of W-geometry is to try to understand finite 
W-transformations (as opposed to those with infinitesimal parameters) and the 
moduli space for W-gravity. The infinitesimal transformations for the scalar field 
were derived from studying infinitesimal symplectic diffeomorphisms and it follows 
that the large W-transformations of (j) are given by the action of large T)SS.qT*M 
transformations on = d^(j). The finite transformations of the gauge fields h^^-^ 
are given by requiring the invariance of the generating function F{x,y), while the 
finite transformations for the /i(j^) follow from requiring the invariance of J F, or 
from the construction of F in terms of F. It seems natural to conjecture that the 
transformations of the gauge fields can be defined to give invariance under the full 
group of symplectic diffeomorphisms, as opposed to invariance under the subgroup 
generated by exponentiating infinitesimal ones, but this remains to be proved. 

The gauge-fixing of W-gravity and the generalisation of the Liouville theory 
that emerges in W-conformal gauge were discussed in [11]. Consider now the 
moduli space M„ for gauge fields hf^^-j subject to the constraints generated by 
(9.5) [11]. Linearising about a Euclidean background F = ^h^^^y^v and choos- 
ing complex coordinates z on the Riemann surface H such that the background 
is F = VzVz, and using the hnearised transformations 5h^^^-j-' — ^^A^^y^, it fol- 
lows by standard arguments that the tangent space to the moduli space M„ at a 
point corresponding to the background configuration is the space of holomorphic 
n-differentials, i.e. the n-th rank symmetric tensors Hzz.-.z with n lower z indices 
satisfying dzjJizz...z = [11]. It follows from the Riemann-Roch theorem that the 
dimension of this space on a genus-(7 Riemann surface (the number of anti-ghost 
zero-modes) is dim{Mn) = {2n — l){g — 1) -\- k{n, g) where k(n^ g) is the number of 
solutions K^^---^ (with n — 1 '2;' indices) to dzK^^'"^ = (the number of ghost zero- 
modes) . It would be of great interest to use information about the global structure 
of the symplectic diffeomorphism group to learn more about the structure of these 
moduli spaces. 
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